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Chapter 1

Differential Geometry

1 Tensors and Index Notation

Flat Space

Ordinary calculus typically deals in Cartesian coordinates
with one, two, or three dimensions, where it is understood
that the x-, y-, and z-axes always remain mutually perpen-
dicular without ever bending. In such flat space, the rules
of geometry (and thereby trigonometry, vectors, etc.) are
taken everywhere for granted.

Curved Space

It is useful, however, to modify the rules of calculus and
geometry so as to embed on a curved surface or curved
space, which we loosely define as any situation where the
rules of Euclid won’t work. This is a geometric disaster,
let alone what happens to trigonometry, vectors, the laws
of physics, etc.

The framework for adapting to curved space comes
from differential geometry, and in particular, Riemannian
geometry.

1.1 Index Notation

A vector A needs one index to register its components, and
usually no worry is assigned to how the index appears. As
a list, A is equivalent to

A = (A, Ay, AL) = (AY, AV, A%)

with the distinction between A, A* being a stylistic choice.
The first thing we need to do is dispense with such sloppi-
ness.

Type

To advance on a cleaner index notation, let us adopt the
burden that vertical placement of the index does matter to
a vector, and to quantify this we use the word type.

The type of any object can be denoted (m, n) for whole
numbers m > 0, n > 0. When reported as a single number,
the term ‘type’ represents the sum m +n. Any type-0 tensor
is simply a scalar.

Contravariant and Covariant

Using the type convention, we define a type (1, 0) vector
with N components as

xH = (xl,xz,x3,...,xN) .

Somewhat like a column vector, x* is called contravariant.
For a vector of type (0, 1) with N components, we
write
Xy = (X1,X2,X3,...,XN) ,

which is somewhat like a row vector, and is called covariant,
also known as a dual vector.

1.2 Tensors

Going beyond vectors, it’s conceivable to work with math-
ematical objects that have any number of indices, called
tensors, of which vectors and matrices are special cases.
There are only two type-1 tensors, which are simply the
vectors x#, x,, written above.

For a type-2 tensor A, there are three flavors:

type (2,0) = A¥Y
type (1,1) = A}
type (0, 2) = A,uv

Each tensor A®Y, AL, A wv Tepresents a two-dimensional
‘block’ of terms.
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1.3 Linear System

From linear algebra, recall that at linear system Ax =y
may be understood as a matrix A acting on a column vector
x resulting in a new column vector y. In detail, one may

encounter
N
Z Ajrxi =yj .
k=1

The aim is to update the above to tensor language.
Taking x, y as column vectors, each is replaced by x¥, y/,
respectively. This leaves the puzzle of what to do with the
indices on A, as each of the following may look appealing:

Type Continuity

In the above, the correct option is singled out by type
arguments. On the right side of each, the final type of y/ is
(1,0). Only the middle case satisfies this on the left, thus
we write the linear system as

Einstein Summation Convention

By writing the linear system Ax = y in index notation,
observe on the left that the k-index appears twice, once
in the up-position and once in the down-position. It just
happens that k is the variable we’re summing over and
the summation symbol can be omitted according to the
Einstein sum(mation) convention:

The linear system can be re-analyzed so the resulting
vector y; is type (0, 1). The beauty of index notation is we
can write down the answer immediately:

Aj?xk =yj;

In this case, the repeated index k vanishes from the left via
the Einstein sum convention.

1.4 Tensor Product

Any pair of tensors A, B can be ‘multiplied’ in several
ways. To keep things entirely general, we will assume each
tensor of arbitrary type, i.e.

a1Q...ap
A=A !
B1B2---Bg

_ pMIM2...[
B = Bvlvz...vsr

That is, tensor A is of type (p, ¢), and tensor B is of type
(r,s).
Outer product

The most explosive tensor product is the outer product,
which results in a tensor of rank (p + r, g + s):

_ AQ2--Qp pp .. iy
A®B = Aﬁlﬁz...p’q BV] V2...Vs

For a special case, the product of a (p, 0) tensor and a
(0, s) tensor constitute a tensor of type (p, s):

A®B=A" azmapBw V... Vs

Supposing we also have p = s = 1, the above reduces to
the product of a column vector and a row vector:

A®B=A"B,

If A, B have n components each, the above is equivalent to:

Ay
“ls B B
A,
A1By Ai1B; AB,
_|A2B1 A3B; A»B,,
AnBl AnBZ Aan
Contraction

Start with the structure of the outer product and let any
one of the contravariant indices in A equal any one of the
covariant indices in B, or vice-versa. The resulting object
is called a contraction between A and B. Supposing the
shared index is k, one could have:
a\ay...k...ap, T
¢= Aﬁlﬁz---ﬁq ! l:l]ulflzz,..lg..vs

Using the Einstein sum convention, the contraction C
is a tensor of rank p + g + r + s — 2. That is, the total
contravariant rank is reduce by one, and the total covariant
rank is reduced by one.

Problem 1
For a type-2 tensor A, which of A%, A, AMH AP AL,
A2 is most like the matrix trace of A? Answer: Allj
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Inner Product

If contraction is performed recursively on all indices, the
rank of the resulting quantity eventually reaches zero, leav-
ing just a scalar w = A - B. This is called the inner product
of the two tensors:

_ . _ ar]arz...ap ML .. Uy
w=A-B= A,Ul,uz--#r Bm @...ap

Norm

The norm of a type-1 tensor is defined as the self inner
product:
1AN1? = A4,

The same notion is true for tensors of any type. The type-2
case involves the double sum:

IBII* = B By,

1.5 Formal Tensor Definition

To formally qualify as a tensor, the components of any
indexed object A must scale linearly with respect to a
generalized coordinate transformation. For this, we let q”’
represent generalized coordinates in a transformed system.
An object of type (m, n) is a tensor only if:

A.Uj'”#h _ 5‘1’1{ .

_ aql’l}/’l aqvl o 6q"m P
; aqﬂl

COghnag"t dgrm T

For a special case, the type-1 vectors V# and V, trans-
form as:

v = dq" VH
gt
agt

Vi = WV”

The above manifests three ways for type-2 tensors

ARV = dq _(961"' ARV
gt dqv
Al = 997 04" p
Vv 65]"' aqﬂ v
_ 9dq" 4q”
Ay = WW s

and so on for those of higher type. For every ‘up’ index
on the left, tack on a term like dg* /g to the right.
Similarly for every ‘down’ index on the left, tack on a term
like dg# /g to the right.

Cartesian and Polar Coordinates

Recall that the Cartesian plane is mapped by ordered pairs
(x,y). Also, a polar coordinate system (r, §) covers the
same plane via

x =rcos(0)

y =rsin(0) .

A type (0, 1) tensor V with Cartesian components Vy,
V,, can be expressed in polar coordinates by associating:

g =x
q" =y
¢ =r
g’ =0

Then, using the definition of a tensor we have:

v, = zf; = %Vx + %Vy
Or, one can solve for the Cartesian components via
Vi = aiﬂv,, = ﬂVr + %Vg
Ox Ox Oox
Vy = 297y, - er + 60‘/9’

ay Moy " ay
which requires inverting the formulas for r, 6:
r=Vx2+y?

6 = arctan (X)
X

From these, we gain:

or/ox =x|r
or/dy =y/r
360/dx = —y/r?
460/dy = x/r?

The story is similar when V is a type (1, 0) tensor. For
this, the tensor transformation law gives

ag* 0x ox
V= L= =V 4+ =V
gt or 00
dq” dy A
vy= Lyt =y 2yl
aqF or’ T a0
and correspondingly
aq” ar or
e G e
agt ox ay
0
yo = 0L yu 00y 00y
agH Ox ay
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Problem 2
Show that:

V" =cos (0) V¥ +sin (6) V¥

_sin ©) VE 4 cos (6) v
r r

vl =

1.6 Scalar Product

Using the definitions above, let us calculate the inner
product of two vectors

w=A,B",

which is similar to the special case of the outer product
above up to a swap of type.
Next, write the transformed tensors

B = 99"
gt
0q”

A/l/ - WAV B

and multiply the two equations:

aq” 6q“’
dqH dgH

ApBY = ( ) A, BH

Kronecker Delta

The parenthesized quantity is only nonzero if 8 = u, repre-
sented using the Kronecker delta relation (not a tensor):

V_@q"@q"/: 1 ifv=uy
0 ifv#u

K dgH dgt

Invariance

In light of the Kronecker delta, the scalar product calcula-
tion simplifies to

w=A,B" = A,B".

The fact that the scalar product w = A, B* is the same in
any coordinate system means w is an invariant quantity.
In the special case A = B, the scalar w is the norm of

the vector:
IA]* = A, A*




2. Manifold and the Metric

2 Manifold and the Metric

Let S denote the position vector on a manifold parameter-
ized by generalized coordinates ¢', ¢2, ¢°, ..., ¢"V, where
N is the number of dimensions on the manifold:

S = (ql,qz,...,qN)

Note that the physical units of any given g# are not limited
to length.

2.1 Affine Parameter

Each coordinate g# can occur as a function of a parameter
A, i.e. g" = g* (A). It turns out, for our studies, that some
choices of A are more ‘natural’ than others. Reaching for
the most natural parameter, it makes sense to associate
small changes dA with the change in arc length dS on the
manifold itself. For this reason we decide

dAd «< dS ,

where A is called an affine parameter.

A convenient affine parameter invokes the notion of
constant speed ¢ on the manifold, along with a time param-
eter dt during which motion takes place. From these we
make the association

cdrodS.

2.2 Differential Line Element

Denoting the differential line element vector as dS, the
chain rule dictates

_ 98

S
_()_qldq+ dq2+"'

ds —
dq>
Generalized Basis Vectors

The differential line element is abbreviated using the Ein-
stein sum convention

ds = a(ﬂ)dq”

provided we define the generalized basis vectors a,) such
that:

0S8
@ = Gga = OuS
In component form, the above contains the information
a = (94 0 04"
(1) aqﬂ’aqy’ ’aq,u

To pick out individual components in the basis vector,

write: .
dq s

(a(,u))vz aqy v

As atype (0, 1) tensor, the basis vector a,) adheres to the
transformation law:
gt

Ay = dak

qﬂ’ a(”)

Dual Line Element

For a second approach to the problem one can imagine
down-shifting the index on dg*, thereby up-shifting the
index on a (). With the calculation structurally the same,
store the result in a vector dS T, which is the dual vector to
ds, via

0S8
dST = —— dg, + — dgr + -+ —— dqn ,
9q, 9q>
or
ds” =a®dg
suggesting:
a) ﬁ = 9H1S
dq,

2.3 Metric Tensor

In terms of generalized basis vectors, we can write a gener-
alized product
o =98 98

dg+ 0qy’
which uses the notation for the dot product for illustration.
Correspondingly, we have:

A(p) -

a8 oS
) A =5 G
Q) g = 95 98
6qF oqy

Under the coordinate transformation g# — g*’, the
above is written
oS oS

) —
a - 7 " )
gt gy

aw) -

and similar applies for the other two. Treating each term
on the right as a type-1 tensor, we further have:

)i
ag -a) = (942 94 ) 95 05
g dgH dq, | dg* g,
, ag* dq
agy-a) = (Waq:)““‘) -a®)

Evidently, the quantity @, - a") is a bona fide type (1, 1)
tensor as a matter of definition.

Similar exercises are straightforward for the other two
tensor products. In summary, we conclude:

type (2,0) =a® . a®

type (1,1) = a(y) .a™

type (0,2) = a() - a(,)
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The Metric

Any of the type-2 tensors above can be called the metric
tensor, or ‘the metric’ for shorthand, designated g, for the
manifold S. Explicitly, each form is given by:

g = a . q™)

gn=ag - -a”

8uv = Q) " A(y)

The ‘mixed’ type (1,1) metric tensor g, is almost
always synonymous with the Kronecker delta 6,,. With this
distinction in mind, we’ll use the form g, in calculations
for extra clarity.

Using the g notation, the transformation law for the

metric is:
_ dq" 4q”
gll’V’ - aqﬂ; 661"’ gﬂv

Metric Symmetry

By construction, namely commutation of the dot product,
the metric tensor g#¥ is symmetric, which means any pair
of indices can be swapped and the components remain the
same:

gHv = g"H
Euv = 8vu
Jacobian Matrix

The derivative dg”/dq* is the pu’th component of the
standard Jacobian matrix. Switching momentarily to matrix
notation, we can write

ag) =Ja
and correspondingly,

agy = J“,/,a(y) .
Combining the two, we have

auw) - @) = (J,';’JZ')“(;I) “ag)
or
v = (JZ,J::,) 8uv >

equivalent to the index-free notation

g =J"gJ.

Next we need the determinant of both sides using the
general identity

det (ABAT) — (det A)? (det B) ,

which for us means
det (g") = (det J)? (det g) ,

or
lg'|
Vgl
If the original metric is Cartesian, then g,, = 6,, and
g=1

|det J| =

2.4 Gradient

Consider a scalar field f = f (¢*) that depends on the
generalized coordinates g that cover the manifold S. If
f (g*) is differentiable, we define the gradient of f (g*)

as:
af
gt
The gradient operator V only makes sense in terms of
the basis vector a#). One can attain a vector-free version
of the above by distributing @, into each side:

w 9f

agH

Vf= at)

a(a) . Vf = a(a) -a

Recognizing g4, on the right, we further have

of

VI = agH”’
and the left side is given the shorthand g, f. This suggests
a clean vector-free notation

_9f

0uf = 5o

also known as the gradient.

The gradient d,, f is a type (0, 1) tensor, i.e. a covariant
vector, which in this case is synonymous with a vector field.
To check this, we should have by definition that

agt
Ou] = g O

which in traditional notation unpacks to

of _ 9q" of
Agh  dgH dgqH

This is simply a statement of the chain rule and is automat-
ically true, therefore d,, f is indeed a tensor.
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Covariant Gradient
The gradient d,, f = 0 f/dq* may be denoted V,, such that
Vu=0uf.

As a covariant (0, 1) tensor, V), satisfies the definition of a

tensor when imposing the change of coordinates g# — g :
agq*

Vi = g —Vu

Standard vector notation can be restored by tacking on
the basis vectors a#). Note that the covariant form V,, is a
dual vector, thus we assign appropriate notation:

T _
\% _a(ﬂ)vﬂ

The low index on V,, reminds that the gradient is a dual
vector.

Problem 3
Let Vy, V, be the Cartesian components of the gradient

of the function
=In (\/xz + y2) .

f(xy)
Calculate the gradient in Cartesian coordinates and convert
the result to polar coordinates to write V., Vy. Answer:

X
Vx_x2+y2
y
Vy = ——
YT X242
Vr:[i_xvx c')yv :xcos(9)+ysin(9):1
or or x2 +y? r
0x ady —yXx + xy
Vo= —Vy+ -2V, = =22 =
T 00T 00 T X242

Contravariant Gradient

A variation on the standard gradient raises the index on
the derivative subscript, to give a type (1, 0) contravariant
tensor

of

0qu
As atype (1, 0) tensor, the gradient is represented as the
vector V such that

onf=2L

V= a(ﬂ)V" .

Reconciliation between V7 and V is done using tensor
products:

VIV = (2 ag | Vv
= (&WVu) V¥
=V, VY
= v|?

2.5 Differential Interval
In terms of
dsS = a,)dq"
ds” =a"Wdq,

the norm of the differential line element yields the differen-
tial interval on the manifold:

§2 =4SP = (aqu) - @) dg"dq,

As a scalar product, the differential interval is invariant
with respect to a coordinate transformation, for instance:

ds? = dqtdq, = dg" dq,

Utilizing (1,1) Metric

In terms of the type (1, 1) metric tensor, the differential
interval is

ds? = (g;dq”) dq, .

The parenthesized term can only be equal to dg”, thus we
see g, behaving as a Kronecker delta:

g dq" =dq”
Conversely, we could have written
ds* = dg* (g,”,dqv) :
where the parenthesized term can only be dg,,, thus:
8.dqy = dq,

For a consistency check, use the invariance of ds? to
write

ds* = grdg*dq,
=g}, (ghdq®) (g‘quﬁ)
(gﬁg,ige ) dq®dqp .
The quantity dS? remains invariant if

ghengh =

g(t >
availing another Kronecker delta-like identity:

ghey =g
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Lowering an Index

Another formula for the differential interval can be made
from only contravariant lengths:

ds* = (a(y) - a(y)) dq*dq”

implying )
dS® = guvdqtdq” .

From the above, we reason that

8 /lvdq# =dq,

guvdq V= dqu
are mutually true. Evidently, the metric tensor g,,, applied
to a contravariant form returns a covariant form. This
maneuver is called ‘lowering an index’.
Raising an Index
Yet another formula for the differential interval leads to

ds* = g"vdq,dq, .

From this, we decide

g""dq, = dq”

g""dq, = dq"
must also hold. That is, the metric tensor g"” applied
to a covariant form returns a contravariant form. This is
‘raising an index’.
Condensation

Another identity involving the metric starts with dS? =
dq?dq o and shifting the vertical position of each index on
the dg-terms. For this we have

ds* = (g"“gav) dqudq”

which brings out another identity synonymous to the Kro-
necker delta:

%oy = g

2.6

Contractions with Vectors

Metric-Tensor Interactions

Recall that for two vectors A, B, the scalar product w is
defined as
w=A,B".

Something we should check is whether the metric tensor
successfully changes the index position on the vectors A,
B in addition to displacements dq. For this, we postulate:

Ay = gAY
B* =g B,

10

Substituting each into the formula for w, one finds
w = (g,mg’”) A*B, =gl A?B, =A"B,, .

The original w is restored provided that

A,B* = A*B,,,
along with:
AV =gr A?
B(z = grsz

This is important news, as we see that the notion of shifting,
raising, and lowering indices applies to any type-1 tensor.

To wring out another pair of identities, write for any
vector A:

A/t = g,ua/Aa = (g[lﬂ!gl(/x) AY
Al =ghTA, = (g7g7) Ay

The parenthesized quantities can only be g, g*”, respec-
tively. Evidently then:

8uv = gyagg

g =g""gy

Contractions with Tensors

The metric can be used to calculate the contravariant gradi-
ent of a scalar field f (¢g*) from the standard (covariant)
gradient:

orf=glo,f
The same is true in reverse:
auf = guvavf

When a tensor undergoes contraction, only the common
index plays into the calculation and the other indices come
for the ride. For instance, if A is a type-3 tensor, we can
have any of

M _ v AT
Ayt =8"A,
AII:J — gl\fAZ]

Jo_ vJj
Ak = 8w Ay

and so on.
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Cartesian and Polar Coordinates

In plane polar coordinates, it’s straightforward to show that
the nonzero components of the metric are

grr =1
866 = r?,
and correspondingly
¢ =1
g% =1/,

The metric is especially useful for transforming a vector
V between coordinate systems. Previously, we found

or 00
V, = avr + aV@
Vo = c’)rv . BHV
y = ay r ay )
along with
or or
Vi=—V¥+ —Vv?
ox ay
00 06
VO = —v¥4 —v7,
Ox ady

both requiring the inversion of the standard parameteriza-
tion

x =rcos(0)

y=rsin(6) .

The r, 8 inversion can be avoided by first calculating
the ‘easy’ transformations

0x ay
V, = EVX + EVy
=cos (0) Vi +sin(0) V,
ox ay
Vg = ﬁVX + %Vy

=—rsin(0) Vy +rcos(6)V, .

To proceed, we note V* = V,, V¥ =V, and then V",
V? are calculated using the metric:
Vr — grrvr
Ve = g%y,

Thus we find

V' =V, =cos(0) V' +sin () VY

Ve = lzv(,w __Sin0) ., cos(O),
r r r

2.7 Tensor Symmetry

A tensor is symmetric in a pair of indices if it obeys
ARV = AV

and is antisymmetric if it obeys
ARY = —AVH

Note the above comments apply to tensors of any type
(p,q). Symmetry or antisymmetry need only exist in a set
of indices, not in the entire tensor.

A general tensor may be expressed in terms of symmet-
ric and antisymmetric parts via

1 1
AR = S (AR 4 AT 4 2 (AR - A7)

Introducing the condensed notation

Alv) = % (AMY + AVH)
Alev] % (A — AVH) |

the above can be written

ARV = Av) 4 oplv]

2.8 Minkowski Metric

A special case of the metric tensor g is the four-dimensional
Minkowski metric, written n, defined by

noo = —1
nu=nxn=n33=1
Nuy =0ifu #v

Akin to a diagonal matrix, off-diagonal components of the
flat metric 7, are zero. The 00th component is —1 by
convention. All other components on the diagonal are 1.
The same description for  works for the (0, 2) version
n#”. Having the same utility as g to raise and lower indices,
write
" = (" npy) Nap -

Since the off-diagonal components of 7 are zero, it quickly
follows that u = @ and 8 = v. The parenthesized term can
only be +1, and we conclude n*” and 1,4 are numerically
the same.

11
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Worked Examples

Consider two tensors X#” and V¥ given by

'X(J() XOl X()Z X()3

10 11 12 13

o _ X X1 X120 X

X2() X21 X22 X23

X30 X31 X32 X33
[2 0 1 -1
-1 03 2
-1 1.0 0
2 11 -2
VH =(-1,2,0,-2) ,

respectively. Find the quantities (i) X%, (ii) X, (iii) X #*),
(V) X[uv]» (V) X2, (Vi) VAV, (vii) V, XH7.

Solution (i): Begin with
NavXH® = X{/‘

and let v = p. The above becomes 17,,, X*# = X/, thus the
00-component on the diagonal flips sign (namely from -2
to 2), and the components along the rest of the diagonal
stay the same.

Let j, k be nonzero indices and replace u = j, v =k
to find X/% = X;, which says the lower 3 x 3 body of the
result X% is the same as that of the original X*”.

For the left-most column with v = 0, the above reduces
to oo X+ = X(’)‘ . This reaffirms that the 00-component
switches sign, but also tells us the terms X(’)' are the nega-
tions of X*O.

For the top-most row with u = 0, v = k we get
X% = X?. This means all terms in the top row except the
00-component retain sign. All together, we conclude:

-2 0 1 -1
1 0 3 2

uo_
Xy = 1 1.0 O
2 1 1 =2

Solution (ii): Begin with

r]’uaxav - X;:
and let v = u. The above becomes 77, X## = Xﬁ, thus the
00-component on the diagonal flips sign, and the compo-
nents along the rest of the diagonal stay the same.

Let j, k be nonzero indices and replace 4 = j, v = k
to find X/* = X jk , which says the lower 3 X 3 body of the
result X/ is the same as that of the original X*".

For the left column with v = 0, u = j we get X/° = X9.
This means all terms in the left column don’t change sign.

For the top row with u = 0, the above reduces to
Moo X o = X(‘)’ . This reaffirms that the 00-component

12

switches sign, but also tells us the terms X" are the nega-
tions of X9, All together, we conclude:

2 0 -1 1
L -1 0 3 2
Xa=121 1 0 o
21 1 -2

Solution (iii): The transpose of X*”, particularly X>#,
is written:

(2 -1 -1 =2
0 O 1 1
Vi _
XT=1r 3 0 1
-1 2 0 -2
By the formula
AY) = % (AHY + AVH) |
we calculate:
2 -1/2 0 -=3/2
) = -1/2 0 2 3/2
0 2 0 1/2
=-3/2 3/2 1/2 =2

Solution (iv): Lower the indices on X*” via
Xy = leanﬁvxdﬁ .

To avoid a brute-force calculation let j, k be nonzero in-
dices and replace 4 = j, v = k to find X = X7%, which
says the lower 3 x 3 body of the result X,,,, is the same as
that of the original X*”.

For the left column with v = 0, the above tells us
Xuo = —r]m,X”O. For u = 0 we quickly find Xop = X%,
so the 00-component doesn’t change. Instead taking
u=j >0, we have X;p = —X/°, meaning the terms
in the left column (besides 00) change sign.

For the top row with ¢ = 0, the above tells us
Xoy = -1y X 8. Letting v = k > 0, we have Xo; = —X%,
meaning the terms in the top row (besides 00) change sign.

Putting it all together, we find

2 0 -1 1
1 0 3 2
Xo=l1 1 0 of"
21 1 =2
along with:
2 1 1 2
0 o0 1 1
Xu=11 3 0 1
1 2 0 -2
By the formula
1
Alpy) = 2 (‘AMV AV,U) ’



2. Manifold and the Metric

we calculate: Then by the Einstein sum convention, we find
0o -1/2 -1 -1/2
x 1/2 0 1 1/2
el =11 -1 0 =12
1/2 -1/2 1/2 0

VAV, =-14+44+0+4=7.
Solution (vii):

v, XH
VoXP + Vi X104+ 1, X2 + v3x30 = 4

VoX' + viX" + Vo X2 + v3x31 = 2
and let 1 = v = u to write 7, X% = X/’ll which unpacks VoX2 + VX2 + VoX2 + 3X32 =5

as: VoX% + VX3 4 X3+ v3XxP =7,

Solution (v): Begin with
nﬂaxﬂfv = X;;

X1 =n00X® + nu X" + 1 X? + X or

=-2+0+0-2=-4 V,XH = (4,-2,5,7)
Solution (vi): First calculate the components of V),
using V), = guoV“ to find

Vu=(1,2,0,-2) .

13



Chapter 1. Differential Geometry

3 Covariant Derivative

Let S denote the position vector on an N-dimensional
manifold parameterized by generalized coordinates ¢!, g2,

g, . gV

3.1 Two Gradients Problem

Given how easily the gradient operator turns a scalar field
into a type-1 tensor, it’s natural to try the gradient twice to
see if a type (0, 2) tensor comes out.

Starting with one gradient

P
"a

6v’ f vf

apply another gradient d,+ to both sides:

0q” 0q”
—V,a”/avf + (9IJ/ (W

By f = 5

Jos

Simplifying with the chain rule, the above reads

u v
94" 99" , Oy f + Oy (%)ayf,
q

8#'6"'](_ a u a v’

which contains two terms.
Alternatively, the gradient 9, f can be written V,, and
the above becomes:

)
94" 94" 5 v, 49, (

aﬂ'v"/ a uw (9 v/

0q”
= _\v,
Bq"')

The same pattern arises from the contrvariant version of V.
Starting with the derivative 9,/ VH'_ use the definition of a
tensor on V to write

gt yh
dg* ’

expanding to, using the chain rule:

8, VH =0, (

dq” 9"
0q” 0qvoqH

»_0qY Ag”

JVH = _r H
8vv 8qu 66]“ v

u

From these calculations we see that two successive gra-
dients do not result in a tensor, otherwise the second term
would not be present on the right. The non-tensorial terms
contain second derivatives of the position g, analogous
to an acceleration-like term that points to the center of
curvature, which may be outside the tangent space defined
by the basis vectors.

Antisymmetrized Gradient

In light of the two-gradient calculation not resulting in a
tensor, one could wonder if some configuration of operators
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gets a the job done, where the non-tensorial term can be
somehow subtracted off. Pursuing this, consider a quantity
1

5 (BuVy

By =9 [IJVV] = - avvﬂ) )

and apply the change of coordinates g — g’

1
By =0 [wVi] = 3 (0w Vi = 8, Vyr)

We already know how the first term turns out. As for
the second term, swap u’ <> v’ and apply a negative sign:

aqY
o (W) v

Note that the second term in the above is the exact negative
of the troublesome term in 8,/V, . Therefore the result
B,y reads

gt dq”

~0vVyw = "aq” ag M

dqt 0q” dg" dq

By, == |24 % 5y _
K 2(8q”8qvﬂ 6"6/‘3‘/)

In the second term, the indices y, v can be swapped without
changing B, s0

_1(dq" dq aq” dq*
Bﬂ'V/ ) (a w aqv' IS 0qv’ 8qy’ a"vll
agt aq”
0.V, — 0,V
(361" aq” ) (2 )
_ 94" 99" ,
~ g dg” M

therefore By, = 9 [ ] is a type (0, 2) tensor.

3.2 Connection Coefficients

For a given vector V = V¥a,,), the ‘two gradients’ prob-
lem means that the standard derivative of V is not a tensor.
Setting up a similar calculation, write the differential of V
as

dv = d(V”a(”)) = dV’“a(ﬂ) + V”da(,,) s

and apply the chain rule to get

ovH

dV =
1% 5

dg” age + V* 220 g
q (1) aqv q .

The problematic second term shall be coerced to remain
in the @, basis while remaining proportional to V¥. For
this sleight of hand we need new proportionality constants
called connection coefficients, denoted I', so we take:

dag)
0q”

=T, ul(y)



3. Covariant Derivative

Transformation Properties
Imposing a change of coordinates, the above is written

da ) _
LA

1y’
v’y’a()’/) .

Substituting what we know about the basis vectors in
transformed coordinates, the above is

d 0q® J— 0q®
aq”’ (aqu’a(">) - FV’ﬂ’aqy’a(a) .

Simplifying carefully, one finds the transformation law for
connection coefficients:

ry' _ (’jq)’/ (961’3 3qv « . (96]7' azqa

vy dq® dgH dq”’ vB dq® dq¥ dgH’

An alternative to the above can also be derived. Begin
with a statement of the chain rule
6517/ 0q® 35]7’/ ,
Aq® dgH — dgH H

and differentiate with respect to ¢”’, giving

d (09" \ dq® 9q” 9%q* 0
0g” \dq | dq" ~ 9q® dq” dgqr

and use the chain rule to find

6qy’ 62qa
dq® 8q” Oq™

__9q" 8¢ dq°
99 99¥dq® dgH"

Notice the left side of this is present in the transformation
law for connection coefficients. Eliminating the common
term gives an alternative:

o _ 09" 34" 8q” . 8q” ¢ 9q°
VI T 9q™ 0q dq” P 9q” 8qYdq g

There is a tendency for indices to become a mess during
derivations. Cleaning up the above using
7/ N a/
V’ — ﬂ,
K=y
while relabeling dummy indices, the same transformation
law reads:

1—\/(;// _ 6qa/ 8qv aq)/ r# ~ aqv aq)/ 62qa,
BY " ggn dgB aqY Y 8gP 9qY 8qYdqY

To summarize, we see that I' is not a tensor, else
the second term wouldn’t be present. Nonetheless, we
now see what needs to happen with I with a coordinate
transformation.

Torsion

Define the torsion T as:
Ty =T =T

Despite I" not being a tensor, it turns out the torsion satisfies
the definition of an asymmetric type (1,2) tensor. Using
the transformation law, we write:

ra’ _ ra’ ra’
TB/,y/ - FB/,)// - F’}’/)B/
_ 99" 09" 04" Ly _ 09" 9q" 9*q”
dgt 0gP 0qY Y  dgP dqY dq¥dqY
049" 9¢” 0" Ly | 99" dq” 3°q”
dgt 0qY 0gP """  dqY dqP dq¥dqY
The second-order terms cancel out from the above,
leaving

por _ 09" (99" 0q” L, 99" 07
BY = agn \oqF 8q7 " " g7 9gF 7|

where swapping the indices v, vy in the last term finishes
the hard work

_0qY 0q” 9q”

ra’ e B B S Ho
Tgy = dq* 8qP 0q” ( vy

BY Fé'l") ’

as the parenthesized pair is just T,’,‘y again.

3.3 Covariant Derivative

In terms of connection coefficients, the differential
oVH
ag”
of the vector V = V#a ,) becomes
_ovH

aqY
Swap the dummy indices y, y on the right and simplify to
find

_ v ﬂaa(/‘) v
dv = dq a t+ Vv 6—d6]
qv

dv

dqva(,,) + FZMV“qua(y) .

v = (8, VF + 5, V) dq a ) .
We’ve uncovered a new formula for ‘derivative’ by
replacing the non-tensorial term with the one involving the

connection coeflicients. For this we use the term covariant
derivative, denoted D, as

D,V =(8,VF+TE V) ay .

The parenthesized quantity expresses the covariant deriva-
tive acting on the contravariant vector V# such that

D, V¥ =9,V¥ + l“f,'yVy ,
or in tighter notation
D,V =(D,V¥)a .
and furthermore:

D,V* =a" .D,V

15
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Linearity
By construction, the covariant derivative is a linear operator,
obeying
D, (A* +B”) = D,A* + D,B”,
and also the product rule:

Do (A*B”) = (Do A*) B” + A” (D oB")

Alternate Motivation

The same operator can be motivated starting with the dual
vector V1 = Vﬂa(”), with subsequent steps essentially the
same. As a precaution we’ll use a different symbol I for
the connection coefficients:

DV, =8,V +I7,V,

Scalar Field Derivative

A scalar field is equivalent to a type (0, 0) tensor f = A*B,,.
Calculating the covariant derivative of f, we find:

D,f =D, (A*B,)
=(D,A*)B, + A, (D,B")
= (6,A* + T}, AY) B, + A" (8,B, +T7},By)
=0,f+Ty,A"B, +1],A"B,
=0,f+A"B, (I, +I%)

As a matter of technicality, the derivative of a scalar
field does not involve connection coefficients and only d,, f
survives. With this we conclude that I is the negative of
the original I" as

Fflly = _Ff/ly >

letting us rewrite:

DV, =8,V T}V,

Tensor Field Derivative

Consider a type (2, 0) tensor C#” that is the tensor product
CHY = A#B”. Calculating the covariant derivative of C,
we find

Do (C*) = Do (A¥B”)
= (DoA") B” + A¥ (Do B")
=04 (A*BY) + T, AYB” + T, AFB” ,

or in summary:

DoCH = §,CM +TH,CY + T, CHY
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By the same token, one can calculate the covariant
derivative of the type (0,2) tensor C,,, = A,B, by a
similar process, giving:

DaCyv = aacyv - lerpcyv - FZYVC/J’)’

The same pattern continues for more contravariant or
covariant indices. For each contravariant index, include a
term proportional to +I". For each covariant index, include
a term proportional to —I". Mixed cases apply both rules,
for instance:

Do Cl = 8,Ct +TH,C) T}, CY

Tensor Qualification

For D, V# to qualify as a tensor, we require

g0
v k]

/avall,
_ 99" 9¢"

D, V¥
v aqvl aq”

which is calculated by brute force:

D, V¥ =,V +T 0 VY
dq” dg”

S 9
aq”" dgt
dq” _0%q"

0q” 0qv0q”

u

v

L o dq”

%
Vl,y/ aqy V

Proceed by factoring dg”/dq”" and dg* /dg* from
each term using the chain rule. Working this out, we find

D, V¥ =0, V¥ +T'* v

vy
_ 99" 99" o
dq¥ ogr "
dq” 9q* (64" ’q” )Vy
dq”" dq* \dq™ 0q”9q”
dq” dg” ( o 0q° dgHt aqv’)w
dq” dgh \ PV dqv dq? dq” '

In order to satisfy the definition of a tensor, the two
parenthesized terms must sum to l"ffy, or:
o 09° g dq”
By aqv aqa’ 8q7

l—*ﬂ — aq# 62510,
097 097 0q”

Rearrange to isolate the I" with the primed indices:

e - aq” dq” 8q” u _ 0q” dq” % q®
BY " ggr dgh dqY " dqP 0qY dq¥oq”

This result exactly matches the transformation law for the
connection coefficients, finishing the proof.



3. Covariant Derivative

3.4 Levi-Civita Connection
Local Torsion

Having established the torsion tensor

Y
_r‘yv,

T, =T},
let us now choose any point P on the manifold and examine
what happens in a neighborhood local to P. Presuming
the manifold is differentiable, it follows that the metric

evaluated at a point corresponds to a ‘flat’ space:

= gﬂV|P = Nuv

Ap) ()
P

Moreover, second derivatives of the basis vectors are
zero, thus
da )
0q”
which is to say the connection coefficients at P are zero to
first order.
Restating the connection coeflicient transformation law

= Fzﬂa(y) =0,

99" 048 0q” .,  9q” *q”
vip T g dgt dq”’ v dq® 8g” dgH ’

choose indices @, v, 8 such that I" is local to P. Then, in
transformed coordinates, we find:

l’"?’/ 3 aq)’/ 62qa/
V/”/ P - aqa aqv/aqll/

Due to the symmetry in the partial derivatives above,
there is symmetry in the lower indices on I':

Y

_1r
V//J/ P - FIJ/V/

P

This immediately means that the torsion at point P is zero.

Zero Torsion

The Levi-Civita connection has us presume that torsion is
zero not only at point P, but also everywhere on the mani-
fold. By this, the connection coefficients are symmetric in
the two lower indices:

., =Tk
A more direct derivation of the above begins with

da )
aq”

_ T
=uac) .

and then distribute @*) into both sides to get a formula for

7 =a. — S=qW -0y )

Then, swapping the indices v, u should leave the result
unchanged, and the same symmetry in the lower indices
on I is implied.

Problem 4

If A, is an antisymmetric type (0,2) tensor in the
absense of torsion, show that all connection coefficients
cancel out of D [ﬂAy(,]. Answer:

1 DAy + D Agy +DgAy,
-DyAsy —DyAuo —DsAy,
1

3 (DyAvo + DyAgy + DoAyy)

D [uAvrT] = 0uAve —TivAye —TliaAyy
+O0yAgp — T oAy — TV Ay
+ 05 Ay —TouAyy =Tl Ay
=9 [uAvo]
Problem 5
Consider a given point p on the manifold, along with

a nearby point p’. Write the first-order approximation to
d5T),,. Answer:

) (g* (p') =T}, (¢* (p))
q7 (p’) —q7 (p)

05T py =

Metric Compatibility

To remove some abstraction between the covariant deriva-
tive and the connection coeflicients, the Levi-Civita connec-
tion the foundational statement that the covariant derivative
of the metric is identically zero:

Dyguy =0

The same is true in contravariant form, i.e. take the deriva-
tive of g"¥ g, = 62 to derive:

Dtrg”v =0

The zero-derivative of the metric is called metric com-
patibility. Quantitatively, we can apply the tensor field
derivative to g, using the formula

DsCuy =05Cuy =Ty Cyy = T8, Cry
to derive the metric compatibility condition:

0= aa-guv - nggyv - Fg'vguy

Two more copies of the compatibility condition arise by
cycling the indices o, u, v:

0= a/lgvo - FngYU - FZO'gvy

0= 6vgo-,u - on-gyp - Fzyg(ry

17
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Next, subtract the latter two equations from the first,
keeping in mind the symmetry of the metric and of the
connection coeflicients, to find
- aVgo‘,u + Zrzzlvgo‘y P

0= ao‘g;tv - a,ugva'

which has only one instance of I'. Solving for this gives
a formula for the connection coeflicients in terms of the
metric:

1
FZV = Egya (augva + avgay - auguv)

Problem 6

Use the metric compaibility condition to calculate all
nonzero connection coefficients for the Rindler metric
characterized by

¢a\’
ds? c2d72(1+—2) +d¢®
C
Answer:
¢ d &a
Iz, = ) (1 + 6—2)
. ajc?
T 1+ &a)c?
Problem 7

Use the metric compaibility condition to calculate
all nonzero connection coefficients for the Friedman-
Robertson-Walker metric characterized by

ds? = —c*dt* + a* (1) 6 jxdq’ dq* .

Answer:
da
F;k = azéjk
1 da

Uik = 227 %k
3.5 Vector Calculus Operators

Del Operator

While introducing the gradient, it’s customary to reach for
the Del notation via vector calculus:

o 9F

Vf=
f g

In light of the covariant derivative however, it’s helpful
to reassign the V symbol as:

V= a("‘)Dﬂ

This does no harm to the gradient of the scalar function f.
Operating on a scalar function, d, is the same as D,,.
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Divergence

Recall that for a vector field V, the covariant derivative is
given by

D,V = (GVV" + Ff,lyvy) ay) -

Letting v = u and distributing a#) into each side, we
calculate the divergence of the field:

a™ D,V =(3,V*+TH, V") = D,VH
In terms of the Del operator, the divergence is written:

V-V=a".D,v

Laplacian

For a scalar field f (¢g*), the Laplacian operator V - V =
V2 = A involves two derivatives and must return a type
(0, 0) tensor. In terms of the covariant derivative, this is
simply:

V2f =D*D,f ="' D,D,f
Levi-Civita Symbol

The cross product between two vectors is generalized to
N dimensions using the Levi-Civita symbol €; ... If the
indices i, j, k are an even permutation of the sequence
1,2,3, then € = 1. For odd permutations, € = —1. For
any two equal indices, € = 0. Note ¢;;; is not a tensor
and ignores the up- or down-placement of indices. To
generalize to higher dimensions, add more indices next to
i,Jj, k.

For the standard three-dimensional cross product, one
writes, for two vectors U, V:

(U X V)l = Eiijij

Curl

In terms of the Levi-Civita symbol, the ith component of
the curl of a vector V reads

(VX V) =ejuD;V*,
or, for the full curl:
VXV = (euD;V¥) a
Alternatively, one can begin with the operator
V =qW D,,
and the curl is
VXV = a“‘)D,, xamV,

yielding a curious formula:

VxV= (a(") X a(#)) D, V¥



3. Covariant Derivative

Jacobian For three dimensions, the formula calms down a little:

In terms of Levi-Civita-like symbols, the determinant of

|
= Zlikeparg. o
the metric, which is the square of the Jacobian, is given by detg = € €™ gip8jq8ur

|
b iy o
detg = € neN g 8yt B -

19
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4 Flat Manifolds

4.1 Cartesian Coordinates

The Cartesian coordinate system in three dimensions is
characterized by the position vector

S=x2+yy+z%.
The corresponding differential line element is
dS=dxX+dyy +dz%,
with differential interval
ds? = dx* + dy* + d7* .

In the language of tensors, assign the generalized coor-
dinates g* = x, ¢” =y, g° = z, and the above means

ds? = d‘]”dCIﬂ = gﬂvdqu‘ht ’
with the corresponding metric

Euv = Nuv »
which is the Minkowski metric without the O-component:
nmi=nn=n3=1
Nuy =0if p#v

Cartesian coordinates correspond to a flat manifold
with no surprises. The basis vectors a(,) are fixed, and
thus there are no connection coefficients I'.

4.2 Cylindrical Coordinates

Starting with the Cartesian coordinate system, make the
change of coordinates

x =rcos(0)
y = rsin (0)
with
F=cos(0)X +sin(0)y
0 =—sin(0)% +cos(0) .

With this, the position vector in cylindrical coordinates is

~ A

S=rr+z2z.

Line Element and Basis

From the position vector S, the differential line element
reads
dS=drt+rdf@+dz%,
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and right away we can write the differential interval:
ds* = dr* + r*do® + dz*

Choosing the generalized coordinates g" = r, g? = 6,
g* = z, we pick out the basis vectors

a(,> =7
a(g) =r9
a(z) 22.

Note that the coordinates g themselves aren’t strictly lim-
ited to having units of length. The term ¢¢ = 6 is indeed
dimensionless, however the basis vector @ g) has units of
length.

Using a(,) -a) = 6,,, the contravariant basis vectors
are

a =t
a? =19
a? =z,

Metric

From the basis vectors @), all nonzero components of
the metric g, are straightforwardly calculated:

grr=ag)-ap) =1
800 = A(g) - A9) = r

8zz = (7)) =1
Similar goes for g”:

g =a .a =

g% = a® . q(0) = 2

g% = a@ .qa® =1

Alternatively, or perhaps more elegantly, the same
metric can be calculated by transforming the Cartesian
metric:

gt 0q”

8wy = WWUW

In the above, the primed indices refer to parameters r, 6,
z, whereas the unprimed indices are for x, y, and z. For
example, one finds for ggg:

_ 0q" dq* N dq” dq”

" 9q% 8q°  9qP 8q°

= (sin2 (0) + cos’ (0)) r?

800
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Connection

Most of the connection coefficients for cylindrical coordi-
nates are zero. Using either of

I, =a” - dua,,

1
FZV = Egya (apgva/ + avga',u - aa/gpv) s
one calculates the only nonzero I' to be:
1
6

Fr@ = ;

Tyg =1
Gradient

For a scalar function f = f (r, 6, z), the gradient is:

_gw9f _0f, 1of, Of,

v
! ag*  or - r a0 0z

Normalized Components

When dealing with vectors V = V#a,), notice that the
basis vectors are not unit-normalized. Often it’s convenient
to work in such a system, in which case V is written

V=viag,,

where the contravariant components V# are rescaled to v#
according to

v =V
vl =rv?
v =V=e,

Divergence

V.-V=a".D,V=D,VH
= 0,V + (9gV7 +TG,V") + 0.V

1
;6r (rV") + 8gV? + 8,V*

1 1
—8y (rv") + —0gv? + 0,v7
r r

Laplacian
For a scalar function f = f (r, 6, z), the Laplacian is:
Vf=g""D,D,f = g"'D\o.f
= gﬂv (avuf - Fzyayf)
8" O f +8%° (Do f + 10, f) + g0 f

1 1
;ar (rarf) + r_za(%)f + 6zzf

Curl

VxV=(a” xag) D,V

= (¢ xagy) @,V + T V?)

(VX V)7 = % (a, (r2v9) - agv’)
= % (6r (rvg) - Ogvr)
(VX V) = %agvz —-ra,v°

1
v — 9,v?
r

(VxV)? =9,V -9,V?

=0,y" — 9,v°

4.3 Spherical Coordinates

Starting again from
S=xX+yj+z%,

we go from Cartesian coordinates to spherical coordinates
with the substitution

x = rsin (0) cos (¢)

y = rsin (0) sin (¢)

z =rcos (6)
such that

S=rf.
Normalized basis vectors are calculated via

0S/or
|0S/0r|

P =
and similar for 8 and ¢, resolving to:

7 =sin (0) cos (¢) £ + sin (0) sin (@) § + cos (0) Z
0 = cos (0) cos (¢) £ + cos () sin (¢) § — sin (0) 2
$ = —sin (¢) & + cos (¢) §
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Line Element and Basis Connection

The differential line element dS in spherical coordinates is  Using either of
calculated by direct substitution into
Iy, = a”) “Oua(y)
dS=dxX+dyy+dz%, 1
[ = 567 (Ousva + Buan — dai)

resulting in
£ one calculates the nonzero I" to be:

dS =dr#+rdf@+rsin(0)de ¢, ro o L
r0 — Tr¢o T r
and subsequently T, =—r
dS* = dr® +r*d9” + r* sin® (6) d¢* . I, = —rsin® (6)
2] G
Choosing the generalized coordinates ¢” = r, g% = 6, g = =sin (0) cos (0)
g% = ¢, we pick out the basis vectors Fg » = cot (6)
ai) =¥ Gradient
gy =r 9

For a scalar function f = f (r, 0, ¢), the gradient is:

acpy =rsin(0) . Vf—a(”)ﬁ_%i"*‘lga"' L_of5
a dgh — Or r 06 rsin (0) d¢

Using @, - a) = 6,‘;, the contravariant basis vectors are

a”) = ¢ Normalized Components

al® = 1 p Reconciliation between the non-normalized vector V =
r V#a(,) and its normalized counterpart V = vFa,) in-

al® = | volves transferring the ‘extra’ coefficients from a,) to v¥
rsin(9) " as:

. Vl" — Vr
Metric
vl =rv?

From the basis vectors @), all nonzero components of

[—— ¢
the metric g, are straightforwardly calculated: ve =rsin(0)V

grr=aq)-ag) =1 Divergence
800 = A(g) " A(0) = r’

V.-V=a".D,V=D,VH
800 = a(p) a(y) =1’ sin’ (6) ! .

=0,V +0gV? +T) V"

Similar goes for g”: ¢ ¢ 1,0
& 8 +0pV? + Ty V + T3,V
¢ =a" -a =1 0O (r>v") g (sin (8)v?) g (v?)
1 B 2 in (6 in (6
g99=a(0)~a(0)=r—2 r r sin (6) r sin (0)
g% = q(®) . q(®) = 12 Laplacian
r2sin” (6) For a scalar function f = f (r, 0, z), the Laplacian is:
Alternatively, the same metric can be calculated by v2 f=¢""DyD,f =g""D,d,f
transforming the Cartesian metric:
8 =" (Ovuf ~T0udy f)
_ 9g* dq” =801 +8°° (800f —Thyeorf)

8wy = 77 o Huv

agH’ 0qv

R +8%% (990~ Tpy0rf = T 4001

In the above, the primed indices refer to parameters r, 6, ¢, 2 .

whereas the unprimed indices are for x, y, and z. = O (r°0.1) + 9o (sin (6) Do f) + o0
r2 r2sin (0) r2 sin” (6)
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4. Flat Manifolds

Curl

VxV=(a" xag)D,v*

= (¢ xagy) (@V* + T V)

1
(VW) =rd, Vo +2V9 — —9,V"
r

o))

(VX V) =sin(6) dgV? + 2cos (6) V¥ -

3 1
~ rsin ()

(VxV)?

1

r

4.4 Parabolic Coordinates 2D

Consider the two-dimensional Cartesian flat space with

position vector

S=xX+yy
with the substitution
X =uy
_ 1y 2)
) (” V)

1

asV?
sin ()

(89 (sin () v?) - 8¢v6)

V"
r sin ()
— rsin () 8,V?

P (M’))

sin(9)

6¢v’

called parabolic coordinates.
Normalized basis vectors are calculated via

—2sin(9) V?

ﬁ_[)S/Bu _vE+uy
9S/0ul ~ VaT 102
0S/0u  uX-vy

A

which can be inverted to say

10S/0ul 242

f_c'?S/@u _va+ud
|0S/0ul V2 +42
5= 0S/0u _utt—v¥P

becomes

05/0ul ~ Nz gz 2

All in terms of parabolic coordinates, the position vector

1
S=§Vu2+v2(uﬁ+vﬁ).

Problem 8

In terms of u, v, what is the radius of a circle centered

at the origin? Answer:

Line Element and Basis

Prom the position vector S carefully work out the differen-
tial line element d5S:

dS = Vu? +v2 (du i + dv v)

From the differential line element, pick out generalized
coordinates ¢" = u, g” = v, along with basis vectors @,
are

ag) = Vu2 +v2ip
ag) = VM2 +v29 ,
and correspondingly

1

W= — 3
u? +v2

1 R

a" = ——
u? +v2

Metric

The metric g, is straightforwardly calculated via a,) -
a,, however it’s more interesting to start from the tensor
transformation law

_ dq" 8q”

gﬂfvl (’)ql" aqyr T],UV s
working out to
8uu = 8vv =M2+V2,

and correspondingly

uu __ vy __
§ g u? +v2
Connection
Using either of
Y _
F”V = a(y) -aﬂa(v) s
Y _ l ya
Fﬂv = 58 (ayng + avgau - aagyv) s
one calculates the nonzero I" to be:
u
A%
Iy =Th = o2
—u
u
Lo = u? +v2
-y
L
Fuu - M2 + V2
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Chapter 1. Differential Geometry

Gradient
For a scalar function f = f (u, v), the gradient is:
1
sza(”)a—f e a_fﬁ+ a_f{;
og* 212 \ou ov
Normalized Components

Reconciliation between the non-normalized vector W =
WHa,) and its normalized counterpart W = wta,) in-
volves transferring the ‘extra’ coefficients from a ) to w#
as:

wh = Vu?2 +v2 W
w” = Vu2 +v2 W

Divergence

V-W=a".D,W=D,WH

u 2uW 2vWVY
=0,W" +0,W"¥ + PR e
3 o, ((u2 + v2) W”) + 0, ((u2 + vz) W")
- u? +v2
Oy (‘\/u2 +v2 w”) + 0, (‘Vu2 +2 w")
- u? +v2

Laplacian
For a scalar function f = f (u,v), the Laplacian is:
V2f =g D,D,f = g"" Do, f
=g" (6uuf - Ft)zluayf) +g" (avvf - F\))/vayf)

1

) (Ouuf + 0vv f)

Curl

Thankfully the curl has only one component.

VxV= (a(") X a(,,)) D,V#

= (¢ xagy) (@ v+ T V)

oW — o, w4 2UWT VW) (”W; - VZWu)
u+v
B ((u? + V) WY) = 0, ((u? +v?) W)
- u? + 2
A (\/m wV) -0, (\/m w”)
- u? +v2
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4.5 Parabolic Coordinates 3D

Consider the two-dimensional Cartesian flat space with
position vector

S=xX+yy+z2
with the substitution

x = uvcos (¢)

y = uvsin (¢)

1, 2)

= |u” =V,

2 (

which are parabolic coordinates in three dimensions.

As it turns out, curves with constant # and constant v
form confocal paraboloids characterized by:

1(x2+y2 2)
lu = =% -V

Z:

P2

1 5 )72 y2
v == |u" - 5
Line Element and Basis

From the position vector S, define generalized coordinates
q* =u, q" =v, q® = ¢, work out the differential line
element dS as

dS =dq"ay +dg’apy + dq¢a(¢) ’

where:
ay) =v(cos(p)X +sin(p)y)+uz
a) =u(cos(p)X +sin(¢)y) —vZz
a(p) = uv (sin(¢) X +cos (¢) §)
Metric

The metric g, is calculated via @y - a(,) or using

_0q" dq”

B Bq ag7
In either case, one finds

2 2
guu = 8vv = UtV

2.2
g¢¢ =uv,
and furthermore:
1
uu __ vy _
& & u? +v2
g0¢ = !
u?y?



4. Flat Manifolds

Connection

Connection coefficients I" are largely unchanged from the

two-dimensional case. New to the mix are:
2
W o _—uv
6= 2402

2
N —vu

0" 2402
Laplacian
For a scalar function f = f (u, v, ¢), the Laplacian is:
Vif =gt D,D,f = g"" Do, f
= g" (Ouuf —Toudy f) + 8" (0w f —T0, f)
+ g¢¢ (a¢¢f - F¢y,¢)
_ 1 (au (10, f) " 0Oy (Vavf)) + Opo |

u? +v2 u v u?y?

4.6 Hyperspherical Coordinates
Four Spatial Dimensions

Consider a four-dimensional Cartesian flat space character-
ized by the position vector:

S=xX+yy+zZ+ww,

and the metric extends to four dimensions accordingly:

M1 =nn=n33=1m4=1
Nuvy =0ifp#v

Hyperspherical Coordinates

Such a space can be mapped by hyperspherical coordinates
according to the substitution:

x =rcos (¥)

y = rsin () cos (6)

z = rsin () sin () cos (¢)
w = rsin () sin () sin ()

Metric

Jumping to the metric calculation, the easiest route is to
use the transformation law

_ 99" 3q”
8wy = WWUW’

leading to:

grr =1
gyy =1
goo = r¥sin’ ()

8op = r?sin® () sin” (6)
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Index

affine parameter, 7
basis vectors, generalized, 7

Cartesian coordinates, 5
Cartesian coordinates, metric, 11
contraction, 4, 10

contravariant gradient, 9
contravariant tensor, 3

contunity, tensor type, 4
convention, Einstein summation, 4
coordinate system, Cartesian, 11
coordinate system, polar, 11
coordinates, Cartesian, 5
coordinates, polar, 5

covariant gradient, 9

covariant tensor, 3

curved space, 3

definition, tensor, 5

delta, Kronecker, 6
Differential geometry, 3
differential interval, 9
differential line element, 7
dual line element, 7

Einstein summation convention, 4
flat space, 3

generalized basis vectors, 7
geometry, Riemannian, 3
gradient, 8

gradient, contravariant, 9
gradient, covariant, 9

index notation, 3
index, lowering, 10
index, raising, 10
inner product, 5
interval, differential, 9
invariance, 6

Kronecker delta, 6

line element, differential, 7
line element, dual, 7

26

linear system, 4
lowering index, 10

manifold, 7

metric tensor, 7

metric tensor symmetry, 8
metric, Minkowski, 11
Minkowski metric, 11

norm, tensor, 5
notation, index, 3

outer product, 4

parameter, affine, 7

polar coordinates, 5

polar coordnates, metric, 11
product, inner, 5

product, outer, 4

product, scalar, 6

product, tensor, 4

raising index, 10

scalar product, 6

space, curved, 3

space, flat, 3

summation, Einstein convention, 4
symmetry, metric tensor, 8
symmetry, tensor, 11

system, linear, 4

tensor norm, 5

tensor product, 4

tensor symmetry, 11
tensor type, 3

tensor type continuity, 4
tensor, contravariant, 3
tensor, covariant, 3
tensor, definition, 5
tensor, metric, 7
tensors, 3

type, tensor, 3

type, tensor continuity, 4

vectors, generalized basis, 7
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